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Today lecture’s main goals:

@ Heat equation
@ Wave equation
@ Temporal discretization by BDF methods
@ Temporal discretization by DIRK methods
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Heat Equation

We consider the following heat equation

@—V-(/@VU) = f, in Q x (0,7,

ot
u = (¢p, on 0{)p X (O,T], (1)
kVu-n = gn, on 90y x (0,77,
u = up, on Q x {0}.

q—rxkVu = 0, in Q x (0,7,
%—Vq = f7 inQX(OaT]a
u = (p, on J€)p X (O,T], (2)

q-n = ¢, on 8QN,><(O,T],
u = up, on Q x {0}.
Here « is diffusion coefficient.
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Semi-Discrete Local Problem

Let (qn(t), un(t)) € [Pr(K)]¢ x Pp(K) be such that

(57 g, 0) i + (un, V- 0) i = (Un, v - 1) e = 0,
Oy, R (3)
(Wa w)K + (qh; VUJ)K - <Qh . n7w>8K = (f7 w)Ka
for all (v, w) € [Px(K)]¢ x Pi(K) and for all ¢ € (0,77, and that

(up(t =0),w)x = (ug,w) g, Yw € Pr(K), (4)

where
GAlh =4qn — T(Uh - ah)n . (5)

Here 7 > 0 is a stabilization parameter.
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Semi-Discrete Global Problem

We find @y, (t) € M} such that

(@n - m, M)aTh\aQ + (un — gp., M>3QD +(qn - 1 — g, N)aQN =0, (6)
for all u € M} and for all ¢ € (0, 7.

The global problem (6) enforces the boundary conditions and
the jump condition in the flux. J
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Semi-Discrete Formulation

We find (g, up, p) € V;F x W} x MF such that

(Kﬁlqhu U)’Th + (uh, V- 'U)Th — <ﬁh,'v . n>a7—h = 0’

(O )y + (@ Y, — (@) = (F), ()

(qn - m, N)afrh\aQD + (Un — g, N>aQD = (9, M>aQN J
for all (v, w,n) € V;¥F x WF x MF and for all ¢ € (0, 7], and that
(up(t = 0),w)g = (ug,w)r,, Ywe W/, (8)

where
C?h =dqpn — T(Uh — ﬂh)n . (9)

This completes the semi-discrete formulation.
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Heat Equation: Temporal Discretization

We divide the time domain [0, 7] into N intervals
[0,T] = [to, t1] X [t1,t2] X ... X [tny_1,tN]. (10)
For simplicity, we assume that
tn —th1=At, n=1,...,N. (11)
Here At is a fixed timestep size.

O I ) | T
t() tl t2 tN
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Backward-Euler Scheme

We find (g}, up,a}) € ViF x W} x M} such that
(/{_lqi?: U)Th + (UZ, V- 0)771 - <ﬁ;zl’ v n>8’7’h =0,

n n—1

U, — U ~n n
(%7“&% + (qﬁvvw)ﬁ - <qh 'nvw>87’h = (f 7w)7—h7

(g - n,mamaQD + (U — gp, N>aQD = (g%, M>aQN )

(12)
for all (v, w,u) € V¥ x Wk x MFandforn=1,...,N, and
(ud, w) g = (ug,w)r,, Yw e WF. (13)
Here the numerical flux is defined as
@ = aqy — 7(uy —up)n . (14)
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Backward-Euler Scheme

We find (g}, up,a}) € ViF x W} x M} such that
(57'ap, v)7, + (4, V- v)7,
— (up, v - n)aTh =0,
(A w)n = (V- g w)g,
il (15)
+ (T (uh — up), w)oy, = (f" w7, + (ﬁ,w)n,

(g -m —7(uy —uy), M>aTh\aQD
+ (Uhs 1) a0y, = (9% ) aay T (9D M aqy, »
for all (v, w,u) € V¥ x Wk x MFandforn=1,...,N, and
(u), w) g = (up,w)p,, Yw e W}'f (16)
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Energy Identity

Choosing (v, w, i) = (g}, u}, u}) and summing the equations we
get

up, — “2_1 1
(TWZ)T;L + (& ap,qy)7,
(T (upy —up), (upy — up))oy = (" up) 7 +(98 Un) ooy T(9D: @ - ™) aqy, -
(17

However, since
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Energy Identity

Summing over all time steps we get

N N
_u - mn mn n n
(o )+ A5 g @) + (7 — T, (= )}
n=1

(2At Up)T, +Z{ LU T A (9% U)oy T (955 @) oay | -

This is the desired energy statement.

N. C. Nguyen & J. Peraire (MIT) Summer School DG Methods - Barcelona July 12, 2017 11/39



High-Order BDF Schemes

We find (g}, up,a}) € ViF x W} x M} such that

(ﬁ—qu?? ’l))Th + (u27 V- U)Th - <u/\nh7 v - n>87_h = 07

Z;nzo O‘J’“Z_j n
(T’w>n + (g3, Vw)7, (21)

a}rLL ’ ’n’7w>87'h = (fn7w)7'h’

—~

(g - n>M>aTh\aQD + (uy — gguu)aQD = (9%, M>aQN )
for all (v, w,p) € V¥ x WF x MFandforn=1,...,N, and
(u), w)g = (uog,w),, Yw € W (22)
Here the numerical flux is defined as

@, = gy — 7(uj, — up)n . (23)
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High-Order BDF Schemes

@ Second-order BDF scheme

Oé():?)/Q7 aq :—4/2, 042:1/2 (24)

@ Third-order BDF scheme

ap=11/6, o3 =—18/6, as=9/6, az=-2/6 (25)

@ Fourth-order BDF scheme

ap=25/12, oy = —48/12, a, = 36/12,
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High-Order BDF Schemes

We find (g, up,u}) € Vi x WF x MF(gi) such that

("iilq;; ’U)Th + (UZ, % U)Th - <UAnh, v - n>a7.h = O’

n

s ,w>Th+(q}f,Vw)Th

—{

(g - ”>M>aTh\aQD + (uy — ggn“)aQD = (gx; M>BQN )

3 (27)
) n7w>87'h = (fn7 w)Tm

S

for all (v, w,n) € V;F x WF x MF(0)and forn=1,..., N, where

(28)

The implementation follows from that for the diffusion equation.
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DIRK Schemes: General Formula

Let us review the general RK formula for the ODE

y' =r(y). (29)

The s-stage RK method for the ODE is defined as

Yn+1 = Un + At Z bir(yn,i) (30)
=1
where .
yn,i :yn"i_AtZaijr(yn,j)a = 1,...,8. (31)
j=1

Here s is the number of stages, b; are the weights, «;; are
internal coefficients, and y,, ; is an approximation to y(¢) at
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DIRK Schemes: Butcher’s Table

The coefficients of s-stage DIRK schemes are usually given in
the form of the Butcher’s Table:

a1 0 Ce 0 (&1
a1  G22 0 |e
Alc } )
- - (32)
As1 Qg2 ... Qg5 | Cs
by by ... b

Here the matrix A is lower-triangular and invertible.
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DIRK Schemes: Reformulation

Since the matrix A is invertible we denote its inverse by D. We
can reformulate the RK formula (30)-(31) as follows:

Zd” <yn] n> :T(yn,i)7 i:1,...,5, (33)

and

- - yn,' — Un
Yn+1 = Yn + At E b; E d;j (—jAt ) . (34)
i=1  j=1
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DIRK Schemes: Reformulation

The coefficients of s-stage reformulated DIRK schemes are also
given in the form of the Butcher’s Table:

dll 0 e 0 C1
dyy d 0
Dle -21 22 C.2
b = : cee : (35)
dsl d52 R dss Cs
by by ... b

Here the matrix D is also a lower-triangular matrix like A.
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DIRK Schemes: Reformulation

As a result, we obtain a uncoupled system

diy (%) = T(yn,1)7

Yn,2 — Yn Yn,1 — Yn
dao (— ) +doy (— ) = 7(Yn2),

and
Yn+1 —yn+Ath Zdw (ym ) _ (37)

We shall adopt this reformulated RK formula for the HDG
method.
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HDG-DIRK Methods

First, we find (q;"",u"", 4"") € V;F x W} x M} such that

(v apt o)y + (up', Vo) = (v -n), =0,

n,1
(™) (Vg )y

At ? ,Th h > h
n,1 /\nl

H(r(uy =) w) . = (7w,
<q n—7(up! 6271)’@87,1\89[,

(U = 95 g, = (N 1) agy -
(38)

for all (v, w, ) € V;F x Wk x MF.
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HDG-DIRK Methods

Then we find (g%, u}?, 1}%) € V;F x W x M} such that

(v 'ap® o)y + (up®, Vo) — (%0 - m), =0,

n n,l n
U, —u U, —u
d U~ Un > +(d B h, )
(22 N ’wT; 21 N wTh

n,2 n, /\n2 n,
—(V gy >w)7?z + <T(uh — Uy’ w>a7’h = (f 2>w)77w

n,2 ~n,2
<q n—7(u,” —wy )a“>aTh\BQD

+ (@ — gy "u>8QD (" 7”>39N
(39)

for all (v, w, ) € V;F x Wk x MF.
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HDG-DIRK Methods

So on, we find (g;°, u; ", ;) € ViF x WE x MF

("i 1q287 )Th + (U’Z787 V- U)Th - <a71?87 v - n>8’7’h

uy” — oy !
At ) (3t )

—(V - gq,°,w)7, + (T(u,” — aZ7S)7w>a7’h =

(@," - n = 7(w,” = "), Worn o0,

+ (U, = 9" ) gay, =

for all (v, w, u) € ViF x W} x MF.

such that

=0,

(f™* w)r,,

(a8” M)aQN )

(40)
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HDG-DIRK Methods

Finally, we determine

n+1_uh+Ath Zdw< ) (41)

and find (g™, u;™") € ViF x M} such that

(/i 1q}1’LL+17 <un+1 ,v.,n>87_ ( n+1 v ’U) O
<q;f+1 —7(up™ —apth), 'u>d7'h\dQD
H (@ = g5 1) g0, = (I8 gy, -

(42)
for all (v, ) € V¥ x MF.

Note that L-stable DIRK methods do not require us to compute
(41) and (41).
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Local Postprocessing

Find up* € P,,1(K) such that on every K € T,

(kVup*,Vw), = (g%, Vw),, Yw € Pru(K),

(up™ V) = (up, -

(43)

This system is very inexpensive to compute.

The local postprocessing can be performed at any time steps
where an enhanced accuracy in the solution is needed. J
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Convergence Properties

Let m be the order of accuracy of temporal discretization. We
have

lu — up |2y < Clul s gy A EEL™), (44)
and that

lg — qnllr2cm) < O|¢1’Hk+1(n)hmin(k+l’m)a (45)
and that

Hu — UZHL2(7—}L) S C‘U|Hk+2(7~h)hmin(k+2’m). (46)

The order of convergence depends on both £ and m.
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Wave Equation

We consider the following wave equation

0%u

92 V- (kVu) = f, in Q x (0,7,
u = up, onadQpx (0,7,
kVu-n = gn, on 90Oy x (0,77, (47)
u = u, on Q x {0},
ou

—-— = Yo, on Q2 x {0}

Here « is the propagation speed of the wave.

Note that the heat equation is parabolic, while the wave
equation is hyperbolic. J
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Wave Equation

We introduce new variables
ou

V=g q = kVu, p = kVv (48)
and write the wave equation as
ga—? —kVv = 0, in Q x (0,7,
a_:_vq - f: inQX(07T]7
v = (Jp, on 0QD X (0, TL (49)
qg-n = gn, on 00, x (0,77,
Vo= w, on Q x {0},
q = qo, on 2 x {0}
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Semi-Discrete HDG Formulation

We find (gy, vi, o) € ViF x WF x M} such that

1 0qp
1_
G

0 .
(%771))71 + (qh7 vw)Th - <qh - n, w)a’]‘h = (f7 w)Th? (50)

V)7, + (vn, V- v);, — (U, v - M)y =0,

(@™ 1) o000, + (U — 905 a0, = (IN) 1) pay -

for all (v, w,n) € V;¥F x WF x MF and for all ¢ € (0,7), and that
(vn(t = 0),w)x = (vo,w)y,, Yw e WF, (51)
(qn(t =0),v)x = (qo,v)7,, Vv €V,

where
(/]\h =dqp — T(Uh — ﬁh)n . (52)
This completes the semi-discrete formulation.
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HDG-BDF Methods: Formulation

We find (g7, v, o) € V;F x W} x M} such that

m - n—j
ol Zj:() a;qy,

( At av)7’h+(7}27v'v)771_<®27v'n>87'h:07
S ) :
(%770)71 + (qlwvw)’fh —(ay - nvw)aTh = (f ’w)Th’
(@ nvu>87’,L\SQD + (U — 9p» M>aQD = <9§>#>89N )
(53)
for all (v, w, ) € V¥ x WF x M} and that
(vp(t =0),w)x = (vo,w) 7, Yw € W,]f, (54)
(qn(t =0),v)k = (g0, V)7, Vv € V),
where
a, =q, —7(v, —v)n. (55)
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HDG-BDF Methods: Formulation

We find (g7, v, o) € V;F x W} x M} such that

_10g; n or y"
(7 T ) 4 0], V0 — (77, = (507
O[(]U]?-Z mn (56)

(Eh whr, + (ais V), = (@ wyr, = (P w),

(@ -1, Warnoa, T (Uh — 95 Wag, = (9N 1) aay -

for all (v, w, ) € V¥ x Wk x MF, where

an ZT:I a;q, ]gn _ Z;nzl v,
y 9 At *

At (57)
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HDG-BDF Methods: Formulation

Once v} is already computed, we can compute u} € Pi(K) by
locally solving

aouy n S gy
( zthvw>K:(vh’w>K_< ! IA; " ,w>K, wepk(K)
(58)

We can also compute p} € [P(K)]¢ such that

(/’i_lp;zlvlv)[( = <6Z,U ’ n>K - (UZ> V- U)Kv Vo € [Pk(K)]d (59)

In summary, we already compute (g}, vy, v;') and (p}, u}}).
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HDG-DIRK Methods: Formulation

First we find (g;', vi>', 01"") € ViF x W} x M} such that

_dug ~n
('Li ! Ath 7”)7% (Uh VvV o <U U~ n>87'h - (y 717”)770
dnv;f’l “n,l
( At ,w) (qh ) vw - <qh ' n, w>a7—h - (f ,UJ)Th,
~n,1 ~n,
<qh n”u>87-h\BQD + <Uh - gD 7'U’>BQD <gN "U'>OQN
(60)
for all (v, w,p) € V;F x WF x MF, where
~n - dll n m n dll n
y 71:/{ 1Ktqh, f 71:f +Ktvh (61)
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HDG-DIRK Methods: Formulation

Next, we find (g%, v, o7%) € V;F x W} x M} such that

(/{}_1 d22q272

At 7'0)771 (Uh 7 - <U U n>@7’h = (ng ’U)Thv
G0 @ V) — (@) = ()
At qh ) qh ) aTy, - ’ Th>
~n,2 ~n,
(@, 'n>f“>an\aQD +<Uh —9p ’M>6QD <9N ’“>6QN
(62)
for all (v, w, ) € V¥ x Wk x MF, where

~n i d n d n n

gt =k 22% ! 21(‘1h1_Qh)>

m,2 __ rn d22 " d21 n,1 n

=17 AL Uh E('Uh — up).
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HDG-DIRK Methods: Formulation

So on, we find (g,"*,v;"*, 0,"") € V;F x W} x M} such that

d qn,s ~
(liil SS4p n,s

At v)Th (Uh V- U) @\2787 V- n>a7’h = (y U)Tha

dssvn7s n,s -~Nn,S nS
( A;L s w)n, + (g, Vw) g, — (g, - n, >afrh (f w)7,,

<(YZ7S ", N)afrh\aQD + @\275 —gp /~L>3QD = (3", N>aQN )
(64)
for all (v, w, ) € V¥ x Wk x MF, where
s—1
d
YUZES — _lﬁ no__ -1 8] —_—
U NS At(q ),
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HDG-DIRK Methods

Finally, we determine

vptt = + At Z b Z d;j <—> , (66)

and find (g™, 57 € VF x M} such that

("i 1q}?+17 )Th <6Z+1 v'n>a7‘ ( h+1 V- ’U) =0,
<qn+1 'rL—‘rl @\Z—Q—l M>d7-h\aQD
+<@”Z“ 95 ) g, = (KT 1) gy

(67)
for all (v, ) € V¥ x MF.

Note that L-stable DIRK methods do not require us to compute
(66) and (67).
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HDG-DIRK Methods: Formulation

We can also compute p} ™' € [P, (K)]¢ such that

(ﬁ_lpz—i_la v)K = <@VZ+17 (% n>K - (U}TLH_l? V- ’U)K) Vo S [Pk(K)}d

(68)
To compute u;*', we apply DIRK methods to solve
ou
(8—;,10)}( = (Up, W) - (69)

In summary, we already compute (g}, vy, ;') and (pj}, uy) for all
time steps.
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Local Postprocessing

We compute u}}* € P41 (K) such that
(Hvug*v Vw)K = (quLLv Vw)K ) Vw € Pk+1(K>a
(up Ve = (up, D),

and v * € Py41(K) such that

(70)

(kVUp*, V), = (pp,Vw),, Yw € Prp(K),
(" Dg = (g

This postprocessing is inexpensive.

(71)

The local postprocessing can be performed at any time steps
where an enhanced accuracy in the solution is needed. J

N. C. Nguyen & J. Peraire (MIT) Summer School DG Methods - Barcelona July 12, 2017 37/39



Convergence Properties

Let m be the order of accuracy of temporal discretization. We
have
||u o UhHLQ(Th) S Chmin(k+1’m),
||U . UhHL2(Th) S thmin(k—i-l,wz)7
g — qull 27,y < ChR™mERLM)
. (72)
Hp o thLQ(Th) S Chmm(k’-l—l,m),

Hu o u;HLQ(Th) S Chmin(kJrQ,m),

H,U . U;:HL%T;L) S Chmin(k—l—Q,m).

The order of convergence depends on both £ and m.
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